This paper presents the elastic solutions of the gear wheels made of functionally graded material (FGM) with variable thickness subjected to rotating loads. The material properties and wheel thickness profile are assumed to be represented by two power law distributions. Solid and hollow wheels are considered and the solutions for the stresses and displacements are given under appropriate boundary conditions. The solutions for FGM are compared with that of non-FGM, and for variable thickness and for uniform thickness. The effects of the material grading index, n, and the geometry of the wheel on the stress and displacement are investigated. It is found that a functionally graded wheel with parabolic and hyperbolic convergent thickness profile has smaller stresses and displacements compared with that with uniform thickness. The maximum radial stress for the solid functionally graded wheel with parabolic thickness profile was not at the center, whereas for solid wheel with uniform thickness, the maximum was at the center. The results obtained suggest that an FGM gear wheel with hyperbolic convergent and parabolic concave thickness profile is more suitable compared with that of uniform thickness.
INTRODUCTION
Gear is used to transmit mechanical power. It consists of a gear wheel and pinion (Figure 1(a) ). The gear wheel consists of an annular disk with inner radius r i and outer radius r 0 (see Figure 1 (b)) with gear teeth at its periphery. The performance of a pair of gears in terms of efficiency, service life and power transmission depends on the material, speed of rotation and op-erating conditions. Normally, a gear wheel can be fabricated using any metal. However, some specific applications, such as in aerospace, can demand low weight and high temperature environment. Such gears need to be fabricated using special materials such as a Functionally Graded Material (FGM) with steel and ceramic combined together. The mass density of ceramic is between the range of 2200 Kg/m 3 to 15700 Kg/m 3 and for steel the range is between 7300 Kg/m 3 to 8300 Kg/m 3 [1] . It can be seen that compared to all steel gears, FGM gears of similar size give much lower weight and greater heat resistance. Also, a further weight reduction can be obtained by choosing suitable thickness profile for the wheel. This is illustrated in this paper by using a numerical example for aluminum-ceramic FGM (Eqn. 23). To be more specific, an FGM disk is analyzed in elastic region for different FGM grading index and thickness profiles with the objective of determining a suitable grading index and thickness profile for gear wheel application. For aerospace applications, weight reduction can improve performance of aircraft and increase the payload.
In normal operation, a gear is meshed with the pinion as shown in Figures 1(a) , (b) , (e) and (f). The power is input through the pinion shaft and is output from the gear shaft. The forces acting on the gear wheel are very complex, mainly consisting of the body force due to rotation F B (Figure 1(c) ), the tangential force,F n , resulting from transmission of torque and radial compressive force F r resulting from the point contact between the teeth (Figure 1(d) ). F n causes tangential shear τ r θ and F r causes the compressive radial stress σ r at the periphery of the gear wheel. In addition, due to rolling contact between gear teeth, heat is generated around the periphery of wheel. Hence, gears may also work in high temperature. In the present study, the gear wheel is made of aluminum-ceramic functionally graded materials (FGMs) to take advantage of metal strength and heat resistance of ceramic. The thickness of the gear varies with radius for the better utilization of the material. It may be mentioned that although a metal-rich at the inner surface and ceramic-rich at the outer surface gradient has been considered for all gear wheels in this paper, the method of solution is dependent on such a gradient and may be applied to other gradients as well. Further, to prevent the failure at the root of the ceramic teeth a modified gradient such as a metal-ceramic up to a certain level along the radial direction and then ceramic-metal up to outer surface can be applied, thus using two levels of FGMs in one gear wheel. However, when a gear wheel is mounted on a shaft, ductility plays an important role and the inner surface should be metal rich. It needs to be emphasized here that the present paper focuses only on elastic analysis and hence the failure analysis is beyond the scope of this study.
Functionally graded materials (FGMs) are those materials where the volume fraction of the two or more materials is varied, as a power-law distribution, continuously as a function of position along certain dimension(s) of the structure [2, 3] . FGMs are usually made of a mixture of ceramic and metals. The ceramic constituent of the material provides the high temperature resistance due to its low thermal conductivity. The ductile metal constituent, on the other hand, prevents fracture caused by stress due to high temperature gradient in a very short period of time [4] . These materials, designed to operate in high temperature environments, find their application in aerospace as turbine rotors, flywheels, gears and tubes.
For non-rotating components, a number of researchers have studied FG tubes and cylinders. Fukui and Yamanaka [5] study the effects of the gradation of components on the strength and deformation of thick-walled FG tubes under internal pressure with plain strain conditions. Fukui et al. [6] consider thickwalled FG tubes under uniform thermal loading and investigate the effect of graded components on residual stresses and estimate the optimum composition gradient generated by compressive circumferential stress at the inner surface. Shao and Wang [7] present analytical solutions for mechanical stresses of a functionally graded circular hollow cylinder with finite length. Tutuncu and Ozturk [8] provide closed-form solutions for stresses and displacements in FG cylindrical vessels subjected to internal pressure using the infinitesimal theory of elasticity. Many studies conducted on FGMs are related to the analysis of thermal stress and deformation [9] [10] [11] [12] . Ruhi et al. [13] present a semi-analytical thermoelasticity solution for thick-walled finite length cylinders made of FGMs.
For rotating FG components, Durodola and Attia [14, 15] provide a finite element analysis for FG rotating disks using commercial software. They modeled the disks as non-homogeneous orthotropic materials such as those obtained through nonuniform reinforcement of metal matrix by long fibers. Kordkheili and Naghdabadi [16] present a semi-analytical thermoelastic solution for hollow and solid rotating axis-symmetric disks made of functionally graded materials under plane stress condition. Many earlier studies on rotating disks, such as Naki Tutuncu [17] and the references therein, have considered disks with uniform thickness. Later, several authors have emphasized the importance of variable thickness in the rotating disks [18] [19] [20] [21] . Recent studies indicate that stresses in rotating annular or solid disks with variable thickness are much lower than those with uniform thickness at the same angular velocity [22] [23] .
To the best of the authors' knowledge, no work has been reported till date that concerns with the analysis of FG gear wheel with variable thickness in elastic region. On the other hand, the analysis of stress distribution for gear wheel with variable thickness is important for a better design of gear wheels (see Figure  1(a), (b) ). This has motivated the present study. In this study, the variable thickness gear wheel is represented by a thin FG disk as shown in Figure 2 subjected to the body force F B due to rotation only. The effects of other loads, F n and F r , which result in τ r θ and σ r at r = r θ , are ignored (see Figure 1 (c) and (d)) and to be considered in a future paper. This type of condition occurs when the gear is rotating freely without transmitting any power especially during idling conditions. The FGM material is made of metal at inner radius, r i , and ceramic at outer radius, r 0 , with ratio of metal and ceramic varying between r i and r 0 represented by grading index n. The ceramic material is used to prevent heat conduction from periphery to the shaft (see Figure (1) ). The plane stress condition is applied. It is also assumed that the wheel is symmetric with respect to the rotation axis and the thickness mid-plane. The effect of property gradation of the material and the geometry of the wheel on the stresses and deformations for solid and hollow wheels under free-free and fixed-free boundary conditions are investigated. In both cases, non-dimensional stress, strain and displacement components in the radial direction are presented. Results are compared FGM versus non-FGM and variable thickness versus uniform thickness. By doing so, the effect of the FGM and the geometry of the gear wheel are assessed.
In numerical methods, finite element may also be used for the gear wheel problem but in this study we rely on a semianalytical method. In this method, the radial domain is divided into some virtual sub-domains where in each sub domain the mechanical property is assumed to be constant. This assumption yields the governing equations in each sub-domain as ODE with constant coefficients. Imposing the continuity at the interface of the adjacent sub-domains together with global conditions, a set of linear algebraic equations is derived for determination of the unknowns occurring in the solution. Increasing the number of sub-domains (divisions) in the radial direction increases the accuracy in the solution.
GRADIATION RELATION
The property variationPof the material in the FG gear wheel along the radial direction is assumed to be of the following two forms [13, 16] :
Here P o and P i are the corresponding properties of the outer and inner faces of the wheel; r o and r i are the outer and inner radius of the wheel, respectively; n ≥ 0 is called grading index; γ is a parameter whose value depends on the material and geometric properties of the gear wheel and assumed to be not a function of r . The power law of Eqn. 1(a) is widely accepted and reflects a simple rule of mixtures in terms of the volume fraction of the materials. The power law Eqn. 1(b) has also been widely used in the literature [24] . In this study, the Poisson's ratio ν is assumed to be constant and the elastic modulus E and the mass density ρ are assumed to vary according to the gradation relations Eqn. 1(a) and 1(b). For example, the assumed form for the modulus of elasticity E is:
The thickness-profile h of the gear wheel is assumed to vary with radius according to one of the following forms:
Here, q, m 1 and m 2 are geometric parameters such that 0 ≤ q < 1, m 1 > 0 and m 2 can be positive or negative; h o is the thickness at r = 0 and h outer is the thickness and r = r 0 . A uniform thickness disk can be obtained from Eqn. wheel is characterized by the hyperbola of order m 2 . The profile is divergent when m 2 < 0 and convergent when m 2 > 0. The constant thickness case can be obtained by setting m 2 = 0. The hyperbolic convergent profile obtained from Eqn. 2b with m 2 > 0 is similar to the one given in Figure 3 (a). Denoting the weights of the FG and all-ceramic gear wheels by W and W c , respectively, an another important parameter, i.e. the ratio of the two weights, can be defined as
with ρ c denoting the density of the all-ceramic gear wheel.
ELASTIC EQUATION
Consider a hollow axis-symmetric FG gear wheel with variable thickness with inner radius r i and outer radius r o , as shown in Figure 2 . The gear wheel rotates at an angular velocity ω. Due to axial symmetry in geometry and loading, a cylindrical coordinate system (r, θ, z) is used and also with geometry, loading and displacement field being independent of the out of plane coordinate (z), the problem is assumed to be plane stress. The inner and outer surfaces of the FG gear wheel are assumed to be metal-rich and ceramic-rich, respectively. Between these two surfaces material properties vary according to Eqn. (1).
Using the infinitesimal theory of elasticity and the rotational symmetry, the strain-displacement and stress-strain relations are [25] [26] [27] 
where u is the radial displacement, E is the modulus of elasticity and v is the Poisson's ratio. Substitution of these relations in the equation of motion [26] 
Here for brevity, symbols h r , E r and ρ r have been used for the functions h(r ), E(r ) and ρ(r ), respectively. In Eqn. (3), the displacement u is a function of r only due to axial symmetry and plane stress condition.
BOUNDARY CONDITIONS

Hollow Wheel Free-Free Conditions
For free-free wheel, the following conditions are considered:
It can be noted that this free-fee condition, although not very practical for gear wheels, is used here only for the purpose of comparing our results with those of [14, 16 and 21] .
Hollow Wheel Fixed-Free Conditions
For fixed-free wheel, the following conditions are considered:
Solid Wheel
For a solid wheel, the boundary conditions are: u = 0 at r = 0 and σ r = 0 at r = r o (6)
NON-DIMENSIONAL FORM
Navier Eqn. 3 and the boundary conditions Eqn. 4 to Eqn. 6 can be written in non-dimensional form by using the following set of variables:
where
The non-dimensional form of Eqn. 3 is then given by
Non-Dimensional Boundary Conditions
Hollow Wheel Free-Free Conditions
Boundary conditions of Eqn. 4 reduce to
Hollow Wheel Fixed-Free Conditions
For this case, Eqn. 5 reduces to
Solid Wheel
For this case, Eqn. 6 becomes
6. ELASTIC SOLUTION
Semi-Analytical Solution
A closed-form solution of Eqn. 8 with variable coefficients seems to be difficult, if not impossible. Hence, in this study a semi-analytical solution of Eqn. 8 is attempted. In this method, a gear wheel is divided into some virtual sub-domains (say m), with t (k) denoting the radial-width of the kth sub-domain as shown in Figure 4 . Evaluating coefficients of Eqn. 8 atR = R (k) , the mean radius of the kth division, an ordinary differential equation with constant coefficients is obtained which is valid in kth sub-domain. That is
Division of a radial domain into finite sub-domains.
Using the above technique, Eqn. 8 with variable coefficients is changed into a system of m ordinary differential equations with constant coefficients with mbeing the number of virtual subdomains. The solution for Eqn. 13 can be written in the form of
where X (k) 1 and X (k) 2 are unknown constants for kth sub-domain and
It may be noted that the solution of Eqn. 15 is valid for
where R (k) and t (k) are the mean radius and the radial-width of the kth sub-domain, respectively. The unknowns X can be determined by applying the necessary conditions between each two adjacent sub-domains. For this purpose, the continuity of the radial displacement U as well as radial stress σ R is imposed at the interfaces of the adjacent sub-domains. These continuity 126 M. BAYAT ET AL.
conditions at interfaces are
The
Exact Solution for Hollow Wheel
For the case when the material properties E and ρ vary according to Eqn. 1(b) and the thickness profile h of the gear wheel by Eqn. 2(b) with specific forms as:
it can be seen that the exact solution of the elastic Eqn. 8 is possible. In Eqn. 18, r o is the outer radius of the gear wheel; E o , ρ o , h outer are the values of the modulus of elasticity, the density and the thickness at the outer radius of the gear wheel; and α, β and m 2 are the parameters related to the material and geometric properties. Writing Eqn. 18 in non-dimensional form by using variables from Eqn. 7 and substituting them in Eqn. 8, it reduces to an Euler equation as follows:
The general solution of Eqn. 19 can be written as
where D 1 and D 2 are the two arbitrary constants; s 1 and s 2 are the two real roots of the quadratic
and U p is the particular solution of Eqn. 19 given as
The three parameters α, β and m 2 in the solution Eqn. 20 can be determined from the material properties and the geometry of the gear wheel as follows:
The arbitrary constants D 1 and D 2 in the solution Eqn. 20 can be determined by using the boundary conditions Eqn. 10 or Eqn. 11.
NUMERICAL RESULTS
For numerical illustration of the elastic solutions of this study, it is assumed that all the wheels considered have the same volume. Three cases are considered, namely hollow wheel freefree, hollow wheel fixed-free and solid wheel. The analysis is conducted using aluminum as inner-surface metal and zirconia as outer-surface ceramic, the same as considered in [16] . The values of the material properties are:
A hollow wheel with R o = 5R i or a solid wheel subjected to rotating force is considered. Different cases for the thickness profiles used in these illustrations obtained from Eqn. 2(a) and Eqn. 2(b) are given in Table 1 .
TABLE 1 Different cases of thickness profiles
Eqn. 2a 
are chosen to determine the elastic deformation behavior of rotating solid wheels with variable thickness. The effect of grading index n and variable thickness on weight is shown in Table 2 . With the values chosen for q and m 1 as given in Eqn. (24) , each thickness profile of the disk has 80% thickness reduction at the edge [21] . The effect of thickness profile can be shown by comparing the weight values for the same value of index n. It is seen that the hollow FG wheel with concave thickness profile has smaller weight compared to that with other thickness profiles. To show the effect of grading index n on the weight, wheel with the same thickness profile is considered. It is noticed that the weights of FG wheels lie in between ρ m ρ c = 2700 5700 = 0.4737 and 1. In this study the density of ceramic is greater than the density of aluminum. It can be noted that for materials such that ρ m ρ c > 1, the weight of FG wheel can be made even smaller than the full-metal wheel. Not to mention, the method of solution considered in this study is general in nature and is not limited to gradients considered in this study only but can be applied to other gradients as well. ing index n and the geometric parameters q and m 1 . Indeed these figures show the effect of grading index, n on the stress distributions.
Semi-Analytical Solution
It can be seen from Figures 5(a) and (b) that for each type of thickness profile the non-dimensional radial stresses take maximum for full-ceramic wheel and minimum for full-metal wheel and for different FG wheels these stresses occur in between. The effect of thickness profile can be shown by comparing the stress values for the same value of index n. It is seen that hollow FG wheels with variable thickness have smaller radial stresses compared to those with uniform thickness. These results confirm the results reported earlier in [14, 16] . For the chosen values of geometric parameters q and m 1 in Figures 5(a) and (b) , it is observed that FG gear wheel with concave profile has smaller stresses.
The variation of non-dimensional circumferential stress with radius is shown in Figures 6(a) and (b) . For the same values of n, the circumferential stress at the inner surface for the FG wheel with concave profile thickness turns out to be smallest in comparison with other thickness profiles, i.e. linear or convex. To see the effect of grading index n on the stress, a wheel with same thickness profile can be considered. It is noticed that close to the inner surface, the circumferential stresses for FG wheels lie in between the stresses for full-ceramic and fullmetal wheels, but toward the outer surface the stresses for FG wheel seem to be even larger than the circumferential stress for full-ceramic wheel. Also, for the specific values of the grading index nthe maximum of the circumferential stresses may not be at the inner surface. The graphs of Figures 6 suggest that the circumferential stresses for hollow FG wheels with variable thickness are smaller compared with those with uniform thickness.
Results of Figures 5 and 6 can be summarized to conclude that for the same value of grading index, the hollow FG gear wheel with concave thickness profile is better than those with other thickness profiles. This result is similar to the one reported in [21] .
The variation of non-dimensional radial displacement with radius in the FG wheel for different values of the grading index n and the geometric parameters q and m 1 is shown in Figures 7(a) and (b) . As is expected, the radial displacement values for full-metal (aluminum) wheel are greater than those for full-ceramic (zirconia) wheel due to higher modulus of elasticity of the latter. Also, it is observed that the radial displacement increases with the increase of the grading index n from zero (homogenized zirconia wheel) up to its maximum value and then decreases to its minimum value for n = ∞ (homogenized aluminum wheel). Thus, for a given pair of materials, there is a particular volume fraction for which the radial displacement attains its maximum value under a uniform centrifugal loading. Comparing with the results of [16] and using the same value of n, it can be said that the radial displacement for the FG wheel for each of the cases (a), (b) and (c) considered is smaller than that corresponding case with uniform thickness.
7.1.1.2. Hollow Wheel with Fixed-Free Conditions. The stress distributions for FG wheel with variable thickness mounted on a rigid shaft for different values of the grading index n and the geometric parameters q and m 1 are shown in Figures 8 and 9 . It is seen that for the same value of n, the maximum of radial stress in all the four cases (a), (b), (c) and (d) considered in Figures 8(a) and (b) occurs at the inner surface and each of them is greater than its corresponding value with free-free conditions given in Figures 5(a) and (b) . For the same value of grading index n, a concave wheel is found to have maximum radial stress smaller than wheels with other thickness profiles. It is noticed that for some specific values of the grading index n(n = 0.2) the maximum value of the radial stress is larger than that for full ceramic. This phenomenon can be explained by the presence of interactive effect between stiffness and centrifugal force of disk.
The circumferential stress is shown in Figures 9(a) and (b) . It is seen that for the same value of grading index n the thickness at the edge for concave profile is smaller in comparison with other profiles. For mounted FG wheel with concave thickness profile the stress is smaller than those with other thickness profiles, i.e. linear or convex. Also, it is noticed that close to the outer surface the circumferential stresses for FG wheel are larger than those for full-ceramic wheel. It is noticed that the grading index may shift the location of the minimum values of stresses along the radial direction. That is, for some specific values of the grading index n, the circumferential stresses may have a local minimum close to the inner surface. The graphs of Figures 9(a) and (b) suggest that the circumferential stresses for mounted FG gear wheels with variable thickness for the same value of n are smaller compared with those with uniform-thickness.
It is evident from Figures 10(a) and (b) that the full-ceramic or full-metal mounted wheels have smaller displacements in comparison to FG wheels. Here again, keeping the value of n fixed, the effect of variable thickness can be studied. It is observed that for a FG gear wheel with concave thickness profile, radial displacement is smaller compared with linear or convex profiles. Furthermore, it can be observed that if the value of n is kept fixed FG gear wheels with variable thickness as given by Eqn. 2(a) have smaller radial displacements than the gear wheel with uniform thickness.
7.1.1.3. Solid Wheel. Figures 11 and 12 show the variation of non-dimensional radial stress and displacement along the radius of a solid wheel with variable thickness for different values of grading index nand the geometric parameters q and m 1 .
It is noted that for the same value of grading index n, the maximum radial stress for the FG wheel with variable thickness may not be at the center like FG wheels with uniform thickness. It is observed from these figures that for fixed n, the radial stress and the radial displacement for hollow wheel, generally, the FG wheels with concave thickness profile have smaller stresses compared to wheels with other variable thickness profile. The same observation is also valid for solid wheels.
Hyperbolic Thickness Profile of Eqn. 2(b)
7.1.2.1. Hollow Wheel with Free-Free Boundary Conditions. The variation of non-dimensional stress and displacement in radial direction in FG wheel with variable thickness for different values of the grading index n and the geometric parameter m 2 are shown in Figures 13 and 14 .
It can be seen from these figures that for each type of thickness profile, namely hyperbolic divergent m 2 < 0, hyperbolic convergent m 2 > 0 and uniform thickness m 2 = 0, the nondimensional radial stresses become maximum for full-ceramic wheel and minimum for full-metal wheel. For FG wheels, these stresses occur in between the values for full-ceramic and fullmetal. Using the same value of grading index to determine the effect of varying thickness profile, it is found that hollow FG wheels with variable thickness for m 2 > 0 have smaller radial stresses and displacements compared to those with uniform thickness. Also, it is noticed that compared to hollow FG wheels with uniform thickness profile, the maximum of radial stresses for hollow FG wheels with hyperbolic divergent profile is toward the inner surface and toward the outer surface with hyperbolic convergent profile. It is also noticed from numerous numerical simulations that the maximum radial stress occurs toward the inner surface (outer surface) for the higher order of the hyperbolic divergent (convergent) profiles. It is seen that for cases (a) and (b) considered in Figure 15 for mounted rotating wheel the maximum radial stress occurs at the inner surface and it is greater than maximum radial stress with free-free condition, as shown in Figure 13 . As expected, the radial displacement values for full-metal (aluminum) gear wheel are greater than those for full-ceramic (zirconia) gear wheel due to higher modulus of elasticity of the latter. The effect of variable thickness can be realized from the fact that for the hyperbolic convergent case (c), the maximum radial stresses may not occur at the inner surface like the wheel with uniform thickness. For the same value of n, it can be seen that the FG gear wheel with the hyperbolic convergent profile has smaller stresses than those with FG gear wheel with uniform or hyperbolic divergent profiles. As expected the uniform thickness profile turns out to be better than divergent thickness profiles. Figure 16 shows that the full-ceramic or full-metal mounted wheels have smaller displacements compared to FG wheels. The FG wheel with convergent thickness profile has smaller radial displacements in comparison to other profiles. This figure also shows that a FG gear wheel with hyperbolic convergent thickness profile has smaller radial displacement in comparison to uniform thickness gear wheels. Figures 17 and 18 show the non-dimensional radial stress values for rotating wheels obtained from the exact solution of Eqn. 20 under free-free and fixed-free boundary conditions, respectively. The three thickness profiles, i. It can be seen that the FG gear wheels with the hyperbolic convergent profile, i.e. case (c), has smaller stresses than those with FG gear wheels with uniform or hyperbolic divergent profiles. As expected the FG gear wheels with uniform thickness profile turn out to be better than those with divergent thickness profile.
Exact Solution
CONCLUSIONS
An analysis of functionally graded rotating gear wheels with variable thickness in elastic region is presented. Two forms of thickness profiles, namely parabolic and hyperbolic types, are considered. Elastic stresses and radial displacement for the solid wheel and the hollow wheel with both free-free and fixed-free boundary conditions are obtained. The effects of the grading index n and the parameters related to the geometry of the wheel, i.e. q, m 1 and m 2 on the stresses and the radial displacement, are investigated. Numerical results are also presented for the FG wheel using aluminum as the inner surface metal and zirconia as outer surface ceramic.
From the results obtained, the following conclusion can be made:
• For a given pair of materials there is a particular volume fraction that maximizes a specific mechanical response under centrifugal loading.
• Maximum values of radial stresses in FG hollow wheels with variable thickness under free-free condition remain between the maximum values for homogenized wheels.
• There exist combinations of values of parameters related to thickness profiles of the wheels for which the radial stress can attain its maximum at R > 0.55. For the FG disks with uniform thickness it has been reported in the literature that the radial stress attains its maximum at about R = 0.45 [16] .
• Rotating FG gear wheels with variable thickness (Eqn. 2a) have smaller stresses and displacements compared to those with uniform thickness.
• FG gear wheel with concave profile has smaller stresses than with linear or convex profiles.
• Mounted FG wheels can have greater radial stress than full-ceramic wheel at the inner surface for some specific grading index values n.
• Maximum radial stress for the solid FG wheel with variable thickness Eqn. 2a may not be at the center like FG wheels with uniform thickness.
• Hollow rotating FG gear wheels with hyperbolic convergent profile have smaller stresses and displacement compared to those with uniform thickness.
• Compared to hollow FG wheels with uniform thickness profile, the maximum of radial stresses for hollow FG wheels with hyperbolic divergent profile under freefree conditions is toward the inner surface and toward the outer surface with hyperbolic convergent profile. Numerous numerical simulations suggest that the maximum radial stress shifts toward the inner surface for the higher order of the hyperbolic divergent profiles and toward outer surface for convergent profile.
• Maximum radial stresses in mounted FG gear wheels with hyperbolic convergent profile may not occur at the inner surface like the uniform thickness.
From the semi-analytical results and the exact solution for FG gear wheels presented, it can be suggested that an efficient and optimal design of the FG gear wheel calls for a variable section being thicker at the hub and tapering down to a smaller thickness toward the periphery.
